The dislocation density tensors of thin elastic shells have been formulated explicitly in terms of the Riemann curvature tensor. The formulation reveals that the dislocation density of the shells is proportional to KA 3/2 , where K is the Gauss curvature and A is the determinant of metric tensor of the middle surface.
The paper is organized as that following an introduction, section 2 introduces the dislocation density tensor obtained by Sun [18] . Section 3 gives displacement field of thin shells. Section 4 formulates deformation gradient. Section 5 derives the dislocation density tensor for the Mindlin-Reissner and K-L theory of shells. Finally, Section 6 concludes the paper.
Dislocation density tensor in terms of the Riemann curvature tensor
In 2016 Sun [18] proved that the dislocation density tensor can be explicitly expressed by the Riemann curvature tensor, and shown that the dislocation density is proportional to the Riemann curvature tensor.
Definition 1 Let F be the deformation gradient, the definition of the dislocation tensor is given by
where, the gradient operator
.
Lemma 1 Let u be displacement field, R the Riemann curvature tensor, the dislocation density tensor T can be presented explicitly in terms of the Riemann curvature tensor as follows
or in conventional form
The equation (2) and (3) were formulated by Sun [18] .
Proof Let B be undeformed configuration and du = F · dY = ∇ Y u · dY , (X, Y ) ∈ B. According to the Stokes integration theorem, we have the displacement vector change along an arbitrary close loop as follows
in which, ∂Ψ is close boundary of a surface Ψ ∈ B, and du = ∇ Y u · dY is a vector-valued 1-form, differentiating the above equation once more, hence we obtain the vector-valued 2-form
where Poincaré Lemma [16] is used for d 2 Y = 0.
Since the antisymmetric nature of exterior algebra, dX ∧dY = −dY ∧dX,
According to the definition of the Riemann operator
and in the coordinate frame, the torsion curvature ∇ [X,Y ] u = 0, we have
If we expand the vector fields in terms of the coordinate basis ∂ I , the Rie-
JK are called the coefficients of the affine connections, or the Christoffel symbols, with respect to the frame G J , that is,
Finally, we have the displacement change in differential forms
Note that the area element dA = dX ∧ dY , hence the dislocation density tensor T and the incompatibility operator Inc(F )
The proof is complete.
⊓ ⊔
Equations (2) and (3) provide a general framework on formulation of dislocation density tensor for a given displacement field u, especially in the case of beams, plates and shells, where the displacement field are always assumed with constraints.
Displacement field of thin shells
Let X = P + ξA 3 be position vector in the undeformed state, and x = p + ξη be position vector in the deformed state, where the unit normal vector A 3 is orthogonal to the undeforemd middle surface, however, in general η is neither unit or normal to the deformed middle surface.
The arbitrary displacement vector u = x − X = (p + ξη) − (P + ξA 3 ) = (p−P )+ξ(η−A 3 ) = v+ξd, where the middle surface displacement v = p−P , and rotation vector d = η − A 3 .
The base vectors in the undeformed state G 3 = X ,ξ = A 3 , and
The base vectors in the deformed state g α = x ,α = p ,α + ξη ,α = a ,α + ξη ,α and g 3 = x ,ξ = η.
The displacement field of the Kirchhoff-Love theory of shells
The Kirchhoff-Love (K-L) theory of shells is an extension of Euler-Bernoulli beam theory and was developed in 1888 by Love [13] using assumptions proposed by Kirchhoff.
The K-L kinematic assumptions are: 1. straight lines normal to the midsurface remain straight after deformation; 2. straight lines normal to the midsurface remain normal to the mid-surface after deformation; and 3. the thickness of the plate does not change during a deformation.
For the Kirchhoff-Love theory of shells [13] , the displacement of thin shells can be represented as 
. The M-R theory of shells has five unknown variables, namely,
Deformation gradient of thin shells
There are four base vectors in the analysis of shell deformation, namely,
The relationship of base vectors in both underformed and deformed state can be illustrated in Fig.1 .
The deformation gradient of the thin shells is defined as
In the diagram 1, there are four tensors, namely,
i is shifter tensor from a i to g i in deformed state. With the help of f , µ, ψ, the deformation gradient F can be expressed in a multiplication format:
The equation (13) indicates that the deformation gradient of shells can be decomposed into the multiplication of middle surface deformation gradient with two shifter tensors µ and ψ. In order words, the study of general shell deformation can be considered as the subject of deformation of the middle surface. This relation can be mathematically interpreted as follows: the middle surface deformation gradient f is push-forwarded to the deformation gradient F by two shifter tensor µ and ψ. The inverse of shifter tensor µ is µ
where the tensor A = A i ⊗ A i = I is an identity tensor, and the 2nd funda-
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The dislocation density tensor on the middle surface
The dislocation density tensor of middle surface is defined asT = f ×∇, where the gradient operator∇
For the two dimensional middle surface, the Riemann tensor has 16 components, in which four are no-zero, namely,R 1212 =R 2121 = −R 2112 = −R 1221 . If we denoteK as a the Gauss curvature of the middle surface, then we havē R 1221 =KA, where A = det(A αβ ).
Hence, the dislocation density tensor of the middle surface of the thin shells can be expressed as follows:
Notice
or in component formatT 13 
The relation (17) is obtained for the first time by this paper. The (17) clearly shows that the dislocation density tensorT of the middle surface is proportional to the Gauss curvature and A 3/2 , and has nothing to do with the displacement component v 3 , in other words, the component v 3 has no any contribution to theT .
The dislocation density tensor on the Mindlin-Reissner theory of shells
Now let us attack the dislocation density tensor T = −F × ∇, where
Hence
If you carry out this calculation, it will generate quite complicated expressions, we are not going to continue this painful calculation. We will find the dislocation density tensor T by the above formula
From previous study of deformation geometry of thin shells, we have the shell displacement vector u = v + ξd.
Hence the dislocation density tensor T (M −R) is given as follows
Notice R 3βγω = 0, hence
For the two dimensional parallel surface, the Riemann tensor has 16 components, in which four are no-zero, namely, R 1212 = R 2121 = −R 2112 = −R 1221 . If we denoteK as a the Gauss curvature of the middle surface, then we have
, where both R 1 , R 2 are the principal radius of curvature of the surface, and the Gauss curvature of the middle surfaceK = 1 R1R2 . The dislocation density tensor of thin shells can be expressed as follows: 
(α, β = 1, 2).
The equation (22) is derived for the first time by this paper. The formula shows that the dislocation density tensor of arbitrary surface of thin shells is proportional toKA 3/2 , and is an order 9 polynomial function of thickness coordinate ξ, which can be simplified to a lower order of ξ. The equation (22) also indicates that the component v 3 has no any contribution to the T (M −R) .
The dislocation density tensor of the Kirchhoff-Love theory of thin shells
For Kirchhoff-Love (K-L) theory of thin shells, the rotation vector d = η − A 3 = a 3 − A 3 , which can be represented by the middle surface displacements v α and thickness-through displacement v 3 , namely,
σ into the equation (22), therefore the dislocation density tensor T (K−L) of the K-L theory of thin shells can be obtained as follows
The equation (23) is obtained for the first time by this paper, which shows that the dislocation density tensor of arbitrary surface of thin shells is proportional toKA 3/2 . The equation (23) reveals that the displacement component v 3 will have contribution to the T (K−L) because of the Kirchhoff-Love kinematical constraints.
Conclusions
This paper studied the dislocation density tensor of thin shells. The dislocation density tensor for both Mindlin-Reissner and K-L theory of shells have been explicitly expressed in terms of the Riemann curvature tensor. The formulation reveals that both dislocation density of the shells are proportional to KA 3/2 , where K is the Gauss curvature and A = det(A αβ ) is the determinant of metric tensor of the middle surface. The study finds that the displacement component v 3 has no any direct contribution to the dislocation density of the the Mindlin-Reissner theory of shells, but has contribution to the dislocation density of the Kirchhoff-Love theory of shells. The formulations are shown in below table 1.
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Appendix 1: Notation, preliminaries on finite deformations
Notations of this paper
To distinguish the undeformed and deformed configuration, the quantities with the undeformed body (configuration) B will be denoted by upper case (majuscules), and those associated with the deformed body (configuration) b by lower case (minuscules). When these quantities are referred to Lagrange coordinates X K , their indices will be upper case (majuscules); and when they are referred to Euler x k , their indices will be by lower case (minuscules). For example, a displacement vector u referred to X K will have components u K , and referred to x k will have the components u k . If denoting G K and g k as covariant base vector in undeformed body and deformed body, respectively, then we can write the displacement vector in a total form u = u K G K = u k g K .
Preliminaries on finite deformations
In undeformed configuration, let X = X(X A ) as position vector of a partcle, X A is Lagrange coordinates of the particle, then its differential is dX =
∂X ∂X
∂X A and G A are covariant derivative and tangent vector in the underformed configuration, respectively. After time t, the position moves to deformed configuration, its position is x = x(X, t), its differential is dx = ∂x
, where ∇ i = g i ∂ ∂x i and g i are gradient operator and tangent vector in the deformed configuration, respectively.
Let dX be line element between two particles X A and X A + dX A , after deformation, the line element becomes dx between the corresponding particles dx i and
The materials time derivative of dx leads to dẋ =Ḟ · dX = lF dx, in which the velocity gradient tensor is defined as l =u∇x = ∂u ∂x The metric tensor in undeformed body G AB = G A G B and in deformed body g ij = g i g j .
The tangent vectors between the undeformed and deformed configuration can be easily transferred as
Appendix 2: Introduction of shell geometry
Concepts of shells
A thin shell/plate is a body that is bounded primarily by two closely spaced curved surfaces with boundary. The geometric feature of the shells is that the thickness length scale is much smaller compare with other two dimensions. This feature make the shells can easily be bended, which make one surface in stretching another in compression. This antisymmetrical deformation respect to the middle surface will have a possibility to generate cracks on the tension surface.
The distance in between the curved surfaces is called the thickness of the shell h(ξ 1 , ξ 2 ). The surface in the middle of the curved surface is called the middle surface of the shell. The middle surface in undeformed configuration can be expressed by the parametric representation P = P (ξ 1 , ξ 2 ), (ξ 1 , ξ 2 ) ∈ Ω, where P is the position vector from the origin O to points on the mid-surface, and the domain of the definition of the parameters is a closed region Ω in the (ξ 1 , ξ 2 )-plane. We assume that there is one-to-one mapping between the pairs of numbers (ξ 1 , ξ 2 ) ∈ Ω and the points of the mid-surface.
Let A 3 = A 3 (ξ 1 , ξ 2 ) the unit normal vector on the middle surface, then the points out of the mid-surface in the shell are given by the position vectors X(ξ 1 , ξ 2 , ξ 3 ) = P (ξ 1 , ξ 2 ) + ξA 3 (ξ 1 , ξ 2 ), where ξ 3 is thick-through-coordinate, so that ξ 3 = 0 is the middle surface.
We assume that 1 2 h < |R min | ̸ = 0, where R min is the numerically smallest radius of curvature of the middle surface. A shell is called thin when the thickness is small compact with the other dimensions of the shell.
Differential geometry of shell surfaces in the undeformed state
It is known that the parameters (ξ 1 , ξ 2 ) are called curvilinear coordinates of the surfaces, and the ξ 1 and ξ 2 are called the coordinate curves.
The covariant base vectors Aα of the surface are defined by Aα = P,α = ∂P ∂ξ α , where the Greek subscripts represent the numbers 1, 2. The infinitesimal vector connecting two points on the surface with coordinates ξ α and ξ α + dξ α is given by dP = P,αdξ α = Aαdξ α . The length dL of this vector is therefore determined by (dL) 2 
If we introduce the Christofell connection Γ λ αβ , the we have derivatives of the base vectors as follows If we assume that the coordinate curves are the lines of curvature. This system of coordinate curves has particularly simple properties, so that the equations of the theory of shells, when written in full, assume a relatively simple form in this system. On the other hand, the sue of the special curvilinear coordinates implies a certain restriction on the field of application of the theory. In order to be able required and the determination of these curves for a given surface is, in general, a fairly complicated problem. However, for many of the types of shells used in practice, the geometry of the middle surface is of a simple nature (e.g. surfaces of revolution or cylindrical surfaces), so that the lines of curvature are already known. In such cases the following formulae can be used directly.
As the coordinate curves are lines of curvature, the ξ 1 and ξ 2 curves are mutually orthogonal families of curve. It follows that A 1 · A 2 = 0. The length of the base vectors ar denoted by A (1) and A (2) , and we have A (α) = |A (α) | = √ Aα · Aα, which is called Lamé parameters of the surface. By thie definition, we fnd for the length of dL (α) of line elements along the coordinate curves (dL (α) ) 2 = Aα · Aα(dξα) 2 = A 2 α dξ 2 α , namely, dL (α) = Aαdξα. The area dΣ of a small surface bounded by coordinate curves with side lengths dL (1) and dL (2) is given by dΣ = dL (1) dL (2) 
Arbitrary parallel surface is the surface with distance ξ to the middle surface. The position in this surface will be X = P + ξA 3 , accordingly, the corresponding quantities can be defined and listed in the table 2. 
